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o: 

£NJ . Abstract. Let f{z) = z+^2^°_ 2 a n z n be analytic in the unit disk with second coefficient 

,_i ' a 2 satisfying \a%\ = 2b, < b < 1. Sharp radius of Janowski starlikeness and other radius 

constants are obtained when \a n \ < cn + d (c, d > 0) or \a n \ < c/n (c > 0) for n > 3. 

r--; 

[~ i' 1. Introduction 

>: 

Let A denote the class of analytic functions / defined in O = {z G C : \z\ <1}, nor- 
malized by /(0) = = f'(0) — 1, and let S denote its subclass consisting of univalent 
functions. If f(z) = z + ^^L 2 a n zn e ^ e Branges [3] proved the Bieberbach conjecture 
that \a n \ < n {n > 2). However, the inequality \a n \ < n {n > 2) does not imply / is 
'— univalent; for example, f(z) = z + 2z 2 is not a member of S. 

i ■ Gavrilov [3] showed that the radius of univalence for functions / G A satisfying \a n \ < 
n (n > 2) is the real root tq ~ 0.164 of the equation 2(1 — r) 3 — (1 + r) =0, and the result 
is sharp for f(z) = 2z — z/(l — z) 2 . Gavrilov also proved that the radius of univalence for 
functions / G A satisfying \a n \ < M (n > 2) is 1 - y/M/(l + M). The inequality \a n \ < M 
holds for functions / G A satisfying \f(z)\ < M, and for these functions, Landau |12j 
proved that the radius of univalence is M — a/ M 2 — 1 . Yamashita [35] showed that the 
radius of univalence obtained by Gavrilov [4] is also the radius of starlikeness for functions 
/ G A satisfying \a n \ < n or \a n \ < M (n > 2). Additionally Yamashita [35j determined 
that the radius of convexity for functions / G A satisfying \a n \ < n (n > 2) is the real root 
^ ■ ro — 0.090 of the equation 2(1 — r) 4 — (1 + 4r + r 2 ) = 0, while the radius of convexity for 
functions / G A satisfying \a n \ < M (n > 2) is the real root of 

(M + 1) (1 - r) 3 - M{1 + r) = 0. 

Recently Kalaj et al. obtained the radii of univalence, starlikeness, and convexity for 
harmonic mappings satisfying similar coefficient inequalities. 

This paper studies the class Ab consisting of functions f(z) = z+Yl^=2 a n zn , (1^2 1 = 26), 
< 6 < 1, in the disk D. Univalent functions in Ab have been studied in [T|[2| 118(127]. 
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In |27j . Ravichandran obtained the sharp radii of starlikeness and convexity of order a for 
functions / G Ah satisfying \a n \ < n or \a n \ < M (M > 0), n > 3. The radius constants 
for uniform convexity and parabolic starlikeness for functions / G Ab satisfying \a n \ < n, 
n > 3 were also obtained. 

In |13j . Lewandowski et al. proved that an analytic function / satisfying 



is starlike. The class of such functions is easily extended to 

(1.2) Re (a £ y£^ + JT§) > P («>0, P<1, zeB), 

and has subsequently been investigated in [Igll2Tll221IM426H28| . For -a/2 < p < 1, Li 
and Owa [14] proved that functions satisfying fll.2p are starlike. 

Another related class is the class of analytic functions satisfying 

zf'(z) 

This class was studied in j20 [ |23 [ f^ l l34j . In |15] , Liu et al. extended the class to functions 
satisfying 

(1.3) Re ( a^{^- + < P («>0, > 1, z G D). 
Now functions satisfying ( II. 2p or (I1.3P evidently belongs to the class 

(1.4) £(a,/3):={/G^:a^^ + ^^i±^f|^, /3GM\{1}, a>0 
Denote by £o(a, f3) its subclass consisting of functions / G A satisfying 

<|1-/3| GSeR\{l}, a>0). 



z 2 f"(z) , zf(z) 



A sufficient condition for functions / G A to belong to the class C(a, (3) is given in the 
following lemma. 

Lemma 1.1. [T61I32] Let (3 G R\{1}, anda > 0. Iff(z) = z + Y,n=2 a nZ n e A satisfies 
the inequality 



(1.5) ^(an 2 + {l-a)n- (3)\a n \ < 



n=2 



then f G £(a, /?) . 



Next let ST[A, B] denote the class of Janowski starlike functions / G A satisfying the 
subordination 

zf'(z) 1 + Az , ^ 

This class was introduced by Janowski |10j . Certain well-known subclasses of starlike 
functions are special cases of ST[A, B] for suitable choices of the parameters A and B. 
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For example, for < /3 < 1, ST{0) := ST\1 — 2/3, —1] is the familiar class of starlike 
functions of order /3, and ST p := £o(0,/3) = ST[1 — 0,0). Janowski [10] obtained the 
exact value of the radius of convexity for ST[A, E\. 

Another result that will be required in our investigation is the following result of Goel 
and Sohi [5]. 

Lemma 1.2. [5\ Let -1 < B < A < 1. If f{z) = z + E~= 2 a ^ n e A satisfies the 
inequality 

oo 

(1.6) ^((l-5)n-(l-A))|a n | < A-B, 

n=2 

then f G ST[A,B\. 

The Taylor coefficients of functions f(z) = z + Yl^=2 a nZ n G A are known to satisfy 
certain coefficient inequality. For instance, starlike functions, convex functions in the 
direction of imaginary axis and close-to-convex functions are bounded by \a n \ < n (n > 2) 
( |19j . [6j p. 210], |29j). Convex functions, starlike functions of order 1/2, and starlike 
functions with respect to symmetric points satisfy \a n \ < 1 (n > 2) ( |17j . [31j . [30]). 
Close-to-convex functions with argument /3 satisfies \a n \ < 1 + (n — l)cos/3 [9j, while 
uniformly starlike functions are bounded by \a n \ < 2/n (n > 2) [8j, and the uniformly 
convex functions by \a n \ < 1/n {n > 2) [7]. Simple examples show that the converse does 
not hold. 

This paper studies functions / = z + Yl^=2 a n zU e At satisfying either \a n \ < cn + d 
(c, d > 0) or \a n \ < c/n (c > 0) for n > 3. In the next section, sharp C(a, (3) -radius and 
(ST[^4, S]-radius are obtained for these classes. Several known radius constants are shown 
to be specific cases of the results obtained in this paper. 

2. Radius Constants 

First the sharp £(a, /3)-radius of / G Ab satisfying the coefficient inequality \a n \ < cn+d 
is obtained in the following result. 

Theorem 2.1. Let f3 G R \ {1}, and a > 0. The C(a, (3) -radius of f(z) = z + 
^^=2 a n-2 n ^ Ab satisfying the coefficient inequality \a n \ < cn + d, c, d > /or n > 3 is the 
real root in (0, 1) of the equation 

[(c + - /3) + |1 - P\ + (2a + 2 - /3)(2(c - 6) + d)r] (1 - r) 4 
(2.1) = ca(l + 4r + r 2 ) + ((1 - a)c + ad) (1 - r 2 ) 

+ ((1 - a)d - f3c){l - r) 2 - (3d{\ - rf. 

For (3 < 1, this number is also the £ (a, (3) -radius of f G ^4&- The results are sharp. 
Proof. For < ro < 1, the following identities hold: 
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(2.3) £ nr » = ^_^_2r 



n=2 
oo 



< 2 - 4 > E" 2 ''o"=(l^- 1 - 4 ''« 



n=2 
oo 



(2-5) E 



n=2 



, „ 1 + 4r + r 2 , 



The number r is the C(a, /3)-radius of function / £ Ab if and only if f(r z)/r £ £(a, 
Therefore, by Lemma it is sufficient to verify the inequality 

(2.6) ^(an 2 + (l-a)n-P)\a n \r%- 1 < 

n=2 

where r is the real root in (0, 1) of (|21j> . Using ([22]) , (Q, (J23D, and O for / £ A 
lead to 



(cm 2 + (1 — a)ri — /?) |a n |rQ 



n-l 



n=2 



< 2(2a + 2 - /3)6r + ^ ("^ + ( x ~ a ) n ~ f 3 ) ( cn + rf ) r o _1 



n=3 

„2 



1 I 4?" I "i" 

2(2a + 2 - /3)6r + ca ( — — - 1 - 8r 



(1 - r ) 4 

+ ((l-a)c + ad) (_L^-l-4r ) 
+ ((l-a)d-/3c) (^-i-^ - 1 - 2r Q ) 



- /3d ( -i 1 - r 

= (c + - 1) - (2a + 2 - p) (2(c - 6) + d)r Q 
+ (ca(l + 4r + rjj) + ((1 - a)c + ad) (1 - r 2 ) 

+ ((1 - a)d - (3c) (1 - r ) 2 - - r ) 3 ) /(l - r ) 4 
= 11-01- 
For /3 < 1, consider the function 

(2.7) / (z) = z-2bz 2 -^(cn + d)z n = (c+l)z + 2(c-b)z 2 - 



n=3 



(1-z) 2 l-z' 



At the point z = r where r is the root in (0, 1) of (12. ip . /o satisfies 

(2 - 8) Re r"fow" + aw J - 1 " - A 
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where 



,w x ,w„ 2cr (2a + l) 6car 2 

N(r ) = -2(c - 6)(2a + l)r„ + ( f_ ^ + ^ 

^ 2o> 2 (3a + 1) drg(6a + 1) , 2drga 
1 - r 

D(r ) = c+ l + 2(c-o)r - 



;i - r ) 2 
c 



(l-r ) 3 ' 



dr 2 Q 



l-r ) 2 l-r 

This shows that r is the sharp C(a, /3)-radius for / G Ab- For /3 < 1, equation f 12 . 8 j) shows 
that the rational expression N{tq)/ D{tq) is positive, and therefore the following equality 
holds: 



a- 



+ 



1 



1-/3. 



/o(*) /o(*) 

Thus, r is the sharp Co(a, /3)-radius for / G .4.6 when (3 < 1. 
For /3 > 1, 



(2.9) / (z) = ,2 + 2te 2 + ^(cn + d)z ri = (1 - c)z + 2(o - c)z 2 + — ^ 

ra=3 



(l-^) 2 1-3 

shows sharpness of the result. The proof is similar to the case j3 < 1, and is thus omitted. I 



Theorem 2.2. Let f3 G R \ {1}, and a > 0. The C(a, /3) -radius of f(z) = z + 
Y^=2 a nZ n G Ab satisfying the coefficient inequality \a n \ < c/n for n > 3 and c > is the 
real root in (0, 1) of 

c(l-/3) + |l-/3| + (2a + 2-/3)r 



(2.10) 



26 



ca + (1 — a)c(l — r) + /3c(l — r 



2 log(l-r) 



For < 1, this number is also the £q(qz, 0) -radius of f G .A&. The results are sharp. 



Proof. By Lemma 1X7X1 ro is the C(a, /3)-radius of functions f £ Ab when the inequality 
(12. 6p holds for the real root r of equation (12.101) in (0, 1). Using (12.21) and (12. 3p together 
with 



(2.11) 

for / G Ab imply that 

oo 

E( 



E 

n=2 



n 



log(l - r ) 
r 



To 

2 : 



an 



am 



0) 



„n-l 



n=2 



< 2(2a + 2 - /3)6r + ^ (an 2 + (1 

n=3 

= 2(2a + 2 - /3)6r + ca ( n 1 

V(l - r ) 2 



an 



2r 
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+ (1 - a)c 
-pc 



1 



1 - r 
log(l - r ) 



1 - r Q 

r 

- 1 - - 



r 



c(/3 - 1) + (2a + 2 - /3)r (26 - 



+ 



car + (1 - a)c(l - r )r + /3c(l - r ) 2 log(l - r ) 
(1 -r ) 2 r 



= |1-/3|. 

To verify sharpness for f3 < 1, consider the function 



(2.12) 



/o(*) 



oo 

- 2bz 2 - ^ ^-z n = (1 + c)z + (I - 2&) 2 2 + clog(l - z). 



n=3 



At the point z = r where r is the root in (0, 1) of equation (I2.10p . f satisfies 



(2.13) 



fo(z) fo(z) 
- (I - 26) r (2a + 1) + - 



cr a 



r 



c clog(l - r ) 



1 - r 



r 



;i + c ) 



c o/A i clog(l-r 
- - 26 r + - 



r 



(3. 



Thus r is the sharp £(a, (3) -radius of / € ^4&. Since /3 < 1, the rational expression in 
(12.131) is positive, and therefore 

z*f»(z) , zf>(z) 



a- 



+ 



1-/3, 



fo(z) f (z) 

which shows r is the sharp Co(a, /3)-radius of / G ^4&. For > 1, the sharpness of the 
result is demonstrated by the function / given by 



f (z) = z + 2bz 2 + y -z n 

= (l-c)z+ (26-|)z 2 -clog(l-z). I 

Remark 2.1. 

(1) For a = 0, (3 = 0, c = 1, d = 0, and < 6 < 1, Theorem 12. II yields the radius of 
starlikeness obtained by Yamashita [35J. 

(2) For a = 0, c = 1, and d = 0, Theorem 12.11 reduces to Theorem 2.1 in |27[ p. 3]. 
When a = 0, c = 0, and d = M, Theorem 12.11 leads to Theorem 2.5 in [271 p. 5]. 

(3) For a = 0, Theorem 12.21 yields the radius of starlikeness of order (3 for / G Ab 
obtained by Ravichandran |27[ Theorem 2.8]. 

The next result finds the sharp ST[A, 5]-radius of / G Ab satisfying the coefficient 
inequality \a n \ < cn + d, c, d > for n > 3. 
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Theorem 2.3. Let-1 < B < A< 1. The ST[A, B]-radius off(z) = z + J2n=2 a nZ n e 
Ab satisfying the coefficient inequality \a n \ < cn + al for n > 3 and c,d> is t/ie rea/ root 
zn (0, 1) of 



(2.14) 



[(A - B)(c + d + 1) - (2b - 2c - d) (2(1 - B) - (1 - A))r](l 



= c(l - + r) + - £) - c(l - A)) (1 - r) - (1 - A)d(l - r) 2 . 
T/ie result is sharp. 

PROOF. It is evident that r is the ST[A, 5]-radius of / G At, if and only if f(r z)/r G 
ST[A,B]. Hence, by Lemma [TT21 it suffices to show 



(2.15) 



£((l-_9)n-(l--4))| 



n-1 



< A - B (-1 < 5 < A < 1), 



n=2 



where r is the root in (0, 1) of equation (12.141) . From (I2.2p . (12. 3p . and (12.40 for function 
/ G A.&, it follows that 

oo 

Y,{{l-B)n-{l-A))\a n \rr l 

n=2 

oo 

< 2(2(1 - B) - (1 - A))6r + X) K 1 - 5 ) n " ( X " A ))( cn + rf ) r o _1 



n=3 



2(2(1 - B) - (1 - A))6r + c(l - B) ^ 
+ (cf(l — JB) — c(l - A)) (^p- 



l + r 
(l-r ) 3 

- 1 - 2r 



l-4r 



(1-A)d 



1 - r 



1 -r 



= (5 - A)(c + t2) + (26 - 2c - d) (2(1 - B) - (1- A))r 
+ (c(l -B)(l + r ) + (d(l -B)- c(l - A)) (1 - r ) 

-(l-A)d(l-r ) 2 )/(l-r ) 3 
= A -5. 

The function f given by (12.71) shows that the result is sharp. Indeed, at the point 
z = r where r is the root in (0, 1) of equation (12.141) . the function f satisfies 

2cr 

/ i / • t I \ I —I _____ . ,. . ' - [- - — 



Hz) 



- 1 



+ 



l-r„ (l-r ) 2 (l-r ) 3 



c+l + 2(c-6)r 



tZrg 



and 



A-5 



*/o(*) 



(l-r ) 2 l-r 
(c + 1)(A - B) + 2(c - 6)r (A - 25) 



c+l + 2(c-6)r 



rfr 2 



(1 - r ) 2 1 - r 
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c(A - 73) ^ 2cr B dr%(A - 373) ^ dr^B 



(l-r ) 2 (l-r o y 



1 - r 



(l-r ) 2 



c+l + 2(c-6)r 



dr 2 



(1 - r ) 2 1 - r 



Then (gUJ) yields 

zf'niz) 

(2.16) " 



/o(*) 

or equivalently fo E 5T[v4, 5]. 



A-73 



*/o(*) 



/o(*) 



-1 < S < A < 1, 2 = r ), 



I 



Theorem 2.4. Let-1< B < A<1. The ST[A, B]-radius off(z) = z + J2™ =2 a n z n e 
»4.& satisfying the coefficient inequality \a n \ < c/n for n > 3 and c > is t/ie rea/ root in 
(0, 1) o/ t/ie equation 



(2.17) 



((c + 1)(A - B) - (2(1 - 73) - (1 - A))r (26 - -)) (1 



c(l -S) + c(l - A)(l -r 



log(l — r) 



T/ie result is sharp. 



Proof. By Lemma ll.2[ condition (I2.15P assures that tq is the ST[A, 73]-radius of 
f E Ab where r is the real root of (I2.17p . Therefore, using (12. 2p and (12. lip for f E Ab 
yield 

oo 

Y^{{l-B)n-(1-A))\a n \r^ 1 

n=2 

oo 

< 2(2(1 — B) — (1 — A))br + ((1 " S)n - (1 - A)) (£) r^ 1 

\ 77. / 

= 2(2(1 - 73) - (1 - A))6r + c(l - 73) ^ r 4;r ~ 1 ~ r o) 



c(l - A) 



log(l - r ) 

r 



1-^ 
2 



c(73 - A) + (2(1 - B) - (1 - A))r„ (26 - 



+ 



c(l - B)r + c(l - A)(l - r ) log(l - r ) 
(1 - r )r 



= A - 73. 

The result is sharp for the function f given by (I2.12p . Indeed, f satisfies 

_(£_ 2i ,) ro + ^_ + cl °g( 1 -''») 

I = V2 / 1 - r 



2/0(2) 



/o(*) 



r 



(1 + c) + (| - 26) r + 



clog(l - r ) 
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and 

{1 + C){A . B) + {A . 2B) (£ - 26) r + ^- + g - r °> 

(i + c) + (£-2 6 ) ro + cl ° g(1 -° r °> ° ' 

at the point z = r where r is the root in (0,1) of equation (12.171) . From (12.171) . the 
function / is seen to satisfy (12 . 1 6j) . and hence the result is sharp. I 
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